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We prove that a suitably separated family of n compact convex sets in Rd can be
met by k-flat transversals in at most O(k)d
2
(( 2
k+1&2
k )(
n
k+1))
k(d&k), or for fixed k
and d, O(nk(k+1)(d&k)) different order types. This is the first non-trivial upper bound
for 1<k<d&1, and generalizes (asymptotically) the best upper bounds known for
line transversals in R, d>2.  1996 Academic Press, Inc.
1. Introduction
Let A be a family of n compact convex sets in Rd. A line transversal of
the family A is a line that intersects every member of A. If the sets in A
are pairwise disjoint, then a directed line transversal induces a linear order-
ing on the sets, determined by the order in which the line intersects them.
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An undirected line transversal induces a pair of orderings on A corre-
sponding to the two orientations of the line. Such a pair of orderings
induced by a line transversal is called a geometric permutation of the set A.
A generalization of the concept of line transversal is a k-transversal, a
flat, or affine subspace, of dimension k that intersects every member of A.
If A contains at least k+2 sets, we say that A is k-separated [6] if
no subset of A of size k+2 has a k-transversal. Equivalently, A is
k-separated if every family of j sets of A can be strictly separated from
every disjoint family of k+2&j sets of A by a hyperplane.
If A is (k&1)-separated, then each oriented k-transversal f induces an
‘‘ordering’’ on A as follows. For each convex set a # A, choose a point
pa # f & a. The order type of the point set PA=[ pa | a # A] is the family of
orientations of all the ordered (k+1)-tuples from PA . Because A is (k&1)-
separated, the order type of PA is independent of the choice of pa . This order
type represents the ‘‘order’’ in which f meets the members of A (and reduces
to it, in the usual sense of the word, in the case k=1). An unoriented k-trans-
versal induces a pair of order types on A corresponding to the two orientations
of the k-transversal. Such a pair of orderings is also known as a geometric
permutation of the set A. A more complete discussion of k-transversals and
geometric permutations can be found in the survey paper [6].
What is the maximum number of geometric permutations induced by
k-transversals for a (k&1)-separated family of n compact convex sets in
Rd? For line transversals in the plane, the answer, due to Edelsbrunner and
Sharir [4], is 2n&2. In higher dimensions, much less is known. Clearly the
number of geometric permutations is at most the number of order types of
n points in Rk, which is
\nk+
k2n(1+O(1log(nk)))
for nk  
by results of [5]. Katchalski, Lewis, and Liu give a lower bound of
0(nd&1) for line transversals in Rd [7], while Wenger gives an upper
bound of O(n2d&2) for the same problem [9]. For k-transversals in Rd we
know of no lower bound on the number of geometric permutations.
Cappell et al. give an upper bound of O(nd&1) for the number of geometric
permutations induced by hyperplane transversals of families of compact
convex sets [3]. This paper gives the first polynomial (in n) bound,
O(nk(k+1)(d&k)), for arbitrary k and d (Theorem 2). This upper bound
matches the upper bound by Wenger for line transversals (k=1) in Rd,
although it is greatly inferior to the bound by Cappell et al. for hyperplane
transversals (k=d&1) in Rd.
The main new idea that we use to obtain this polynomial bound is the
following result, which may be of independent interest.
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The orientation of a set S of d+1 points in Rd is determined by the
order type of any set of 2d+1&2 vectors vP such that for each non-empty
proper subset P/S, vP is the unit vector normal to some hyperplane
separating P from its complement S"P and pointing toward P. This fact is
not as transparent as it appears and constitutes Theorem 1.
We would like to express our gratitude to Marie-Franc oise Roy for
bringing to our attention the embedding of the real Grassmannian Gk, d in
Rd
2
[2], which we use in the proof of Theorem 2 in place of the more
familiar embedding in R
( dk) using Plu cker coordinates. This embedding has
the effect of simplifying the presentation of the argument and of making the
bound singly rather than doubly exponential in k.
2. Determining Orientation from Separation
Let P=(x1 , ..., xd+1) be an ordered (d+1)-tuple of points in general
position in Rd. The orientation of P is the sign of the (d+1)_(d+1) deter-
minant whose i th row consists of 1 followed by the coordinates of xi . For
every partition of [x1 , ..., xd+1] into an ordered pair (P$, P") of non-empty
subsets, choose some oriented hyperplane separating P$ from P" with nor-
mal vector vP$ pointing toward P$. We call the set H of these 2d+1&2
oriented hyperplanes a set of separating hyperplanes for P. Let N be the set
of unit normal vectors of the hyperplanes in H. The orientation of an
ordered d-tuple of vectors in N is the sign of the determinant of the d vec-
tors taken in order as the rows of a d_d matrix. The order type of N is the
correspondence between these d-tuples and their orientations. There are
many choices for H, giving rise to sets N with many different order types.
Nevertheless, we shall show that the order type of N determines the orien-
tation of P.
First, notice that dropping just two normal vectors from N may make it
impossible to determine the orientation of P from the order type of N.
Choose any partition of [1, ..., d+1] into non-empty subsets I$ and I",
and let f be a hyperplane containing the origin in Rd. It is possible to
choose point sets R$=[xi | i # I$, xi # f ] and R"=[xi | i # I", xi # f ] from f
such that R=R$ _ R" is a set of d+1 points in general position in f and
such that the convex hulls of R$ and of R" each contain the origin. Since
R is a set of d+1 points in general position in an affine subspace of dimen-
sion d&1, any partition of R into non-empty subsets, other than
R=R$ _ R", can be realized by splitting the point set with an affine sub-
space of dimension d&2 lying in f. Construct all such splitting (d&2)-sub-
spaces and extend each to a pair of oriented hyperplanes in Rd to generate
a set H consisting of 2d+1&4 separating hyperplanes. Moving one of the
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d+1 points slightly above or below f then gives us two (d+1)-tuples of
points, P and Q, in general position. The set H still separates each of P and
Q in the same 2d+1&4 distinct ways, yet P and Q have opposite orienta-
tions. The two missing hyperplanes separating points corresponding to R$
and R" provide crucial information about the orientations of P and Q.
Assume now that H is a set of 2d+1&2 oriented hyperplanes separating
a (d+1)-tuple P as described above, and let N be the set of unit normal
vectors of H. Associate the i th member of P with the ith vertex of the
standard d-simplex 2d in Rd, whose vertices in canonical order are
(0, 0, ..., 0), (1, 0, ..., 0), (0, 1, 0, ..., 0), ..., (0, ..., 0, 1). Notice that the orienta-
tion of the vertices in this order is positive. Using N we construct a map
,N from 2d, the boundary of the standard simplex, to the unit sphere
Sd&1/Rd.
Let K be the boundary complex of 2d, and L the barycentric subdivision
of K. Each (closed) face } in K is associated with a vertex w} in L. Face
} contains a set D$} of vertices of K and misses another set D"} . Let P$} and
P"} be the subsets of P associated with D$} and D"} , respectively. Define
,N(w}) to be the unit normal vector of the oriented hyperplane separating
P$} and P"} with normal pointing toward P$} . Each point x in a (d&1)-face
* of L can be represented in barycentric coordinates as a convex combina-
tion, x= a} w} , of the vertices, w} , of *, where  a}=1 and a}0.
Extend the map ,N to all of 2d, by mapping x= a}w} to the vector
 a} ,N(w}) # Rd.
For example, Fig. 1a is the 2-simplex 22 in R2 and Fig. 1b is the
barycentric subdivision of its boundary complex K. The vertices of 22 are
labeled f0 , f2 , f4 and the edges f1 , f3 , f5 . Together they form the faces of
K. Each face fi corresponds to a vertex wfi in the barycentric subdivision L
of K. Figure 1c is a set of three points, [ p0 , p1 , p2], in R2 and six separat-
ing lines corresponding to the six partitions of [ p0 , p1 , p2]. Fig. 1d is the
image ,N(wfi) of the vertices wfi on the unit circle.
Every (d&1)-simplex * of L contains a unique vertex v$ of 2d and lies
on a facet of 2d opposite another vertex v" # 2d. Let h be some hyperplane
perpendicular to the line through the points p$, p" # P corresponding to v$,
v" (resp.) and separating p$ from p". For each vertex w} of *, the point p$
is an element of P$} while the point p" is in P"} . Thus, the vector ,N(w})
points away from the half-space bounded by h containing p" and toward
the half-space containing p$. Since all the vectors ,N(w}), w} # *, must lie
in an open half-space, their weighted sum,  a},N(w}), is never the zero
vector. Normalize  a},N(w}) to map x to a point ,N(x) on Sd&1.
The resulting mapping, ,N : 2d  Sd&1, is continuous and has a well-
defined degree, which is (intuitively) the algebraic number of times ,N wraps
2d around Sd&1. (For basic facts about this degree, see for example [8].)
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Fig. 1. Construction of the function ,N :
Lemma 1. Let P be a (d+1)-tuple of points in general position in Rd, let
H be some set of separating hyperplanes for P, and let N be the set of
normals of H. The map ,N has degree +1 if the orientation of P is positive
and degree &1 if the orientation of P is negative.
Proof. If P has negative orientation then we may reflect it and the
hyperplanes in H, say by reversing the sign of the first coordinate. Reflec-
tion reverses both the orientation of P and the sign of the degree of the
mapping ,N . Thus we may assume that P has positive orientation.
For any (d+1)-tuple Q of points in general position in Rd we define the
following canonical separating set. Let q* be the barycenter of the simplex
whose set of vertices is Q. For every partition of Q into sets Q$ and Q"
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there is a unique hyperplane through q* parallel to the affine hulls aff(Q$)
and aff(Q"); this defines a pair of oriented hyperplanes. Let H*(Q) and
N*(Q) be this canonical set of hyperplanes and their normal vectors,
respectively. (See Figs. 1e and 1f.)
We first show that the degree of ,N equals the degree of ,N*(P) . The set
H of separating hyperplanes can be continuously transformed to the
canonical separating set H*(P). Let Ht denote the intermediate sets of
separating hyperplanes where 0t1, H0=H, and H1=H*(P). Let Nt
be the set of normals of Ht .
Since the normals in Nt vary continuously with the separating hyper-
planes, for each vertex w} of the barycentric subdivision the image ,Nt (w})
must vary continuously as a function of t. Hence for any point x= a}w} ,
the convex combination  a},Nt (w}) also varies continously as a function
of t, and the same holds for its normalization ,Nt (x). Hence the degree of
,Nt is a constant that does not change with t, and, in particular, the degree
of ,N=,N0 equals the degree of ,N*(P)=,N1 .
Let Vd be the set of vertices of 2d in canonical order. It is easy to check
that the map ,N*(Vd ) is a homeomorphism of 2
d to the unit sphere and
has degree +1. We show that the degree of ,N*(P) equals the degree of
,N*(Vd) .
Since P and Vd have the same positive orientation, we can continuously
move the points in P to the corresponding points in Vd , keeping them in
general position; this can be shown, for example, by a straightforward
inductive argument. Let Pt denote the intermediate sets of points where
0t1, P0=P, and P1=Vd . The sets H*(Pt) and N*(Pt) also depend
continuously on t. As argued above, this implies that ,N*(Pt) is a con-
tinuous function of t. Thus the degree of ,N*(P)=,N*(P0) equals the degree
of ,N*(Vd)=,N*(P1) , which is +1. Since the degree of ,N equals the degree
of ,N*(P) , the orientation of P matches the degree of ,N . K
Notice that the order of the points ,N(wf0), ,N(wf1), ..., ,N(wf5) around
the unit circle in Fig. 1d does not match the order of the points wf0 ,
wf1 , ..., wf5 around 2
2. Thus the map ,N in Fig. 1 is not one to one.
However, consistently with Lemma 1, it does have degree +1. The order of
the points ,N*(P)(wf0), ,N*(P)(wf1), ..., ,N*(P)(wf5) in Fig. 1f matches the
order of wf0 , wf1 , ..., wf5 , and hence the map ,N*(P) is one to one.
Lemma 1 establishes that the orientation of P is determined by the
degree of ,N . We next show that the degree of ,N is determined by the
order type of N.
We use the following characterization of the degree of ,N (see [8].) Let
y be a point in Sd&1 such that for every x # ,&1N ( y) the map ,N is a
homeomorphism on some neighborhood, 9x , of x. For each x # ,&1N ( y),
map ,N either preserves or reverses the orientation of 9x . Partition the
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neighborhoods 9x , x # ,&1N ( y), into those whose orientations are preserved
and those whose orientations are reversed by ,N . The degree of ,N is then
the number of the former minus the number of the latter.
Lemma 2. The order type of N determines the degree of ,N .
Proof. As before, let K be the boundary complex of the standard
d-simplex, 2d, and L the barycentric subdivision of K. Since the degree of
,N is +1 or &1, the map ,N is surjective. Thus some (d&1)-face * of L
with vertices w0 , w1 , ..., wd&1 must map to some (d&1)-dimensional region
of Sd&1; i.e., ,N(w0), ,N(w1), ..., ,N(wd&1) must be linearly independent
vectors.
For any d vectors v1 , ..., vd , let det(v1 , ..., vd) represent the determinant of
the matrix having the vectors vi (in that order) as rows. Choose an =>0
such that
=<
1
d
|det(v1 , v2 , ..., vd)|
|det(v$1 , v$2 , ..., v$d)|
for all vi , v$i # N for which det(v1 , ..., vd){0 and det(v$1 , ..., v$d){0. Let + be
1(1+=+ } } } +=d&1), let x be +(w0+=w1+ } } } +=d&1wd&1), and let y be
,N(x). By definition,
,N(x)=&(,N(w0)+=,N(w1)+ } } } +=d&1,N(wd&1)),
where & is chosen so that &,N(x)&=1.
We first claim that the points ,&1N ( y) lie in the interior of the (d&1)-
faces of L. If not, some x$ # ,&1N ( y) is a linear combination of d&1 vertices
of L. Each vertex of L maps to a vector of N, so y is a linear combination
of some d&1 vectors v1 , ..., vd&1 of N and det(v1 , ..., vd&1 , y)=0. Since y
also equals ,N(x)=& d&1i=0 =
i,N(wi), we have
det \v1 , ..., vd&1, & :
d&1
i=0
=i,N(wi)+=& :
d&1
i=0
=i det(v1 , ..., vd&1 , ,N(wi))=0.
By our choice of a suitably small =, it follows that det(v1 , ..., vd&1 ,
,N(wi))=0 for each i. This would imply that ,N(w0), ..., ,N(wd&1) are
linearly dependent, contrary to the choice of the simplex *. Thus for every
x$ # ,&1N ( y), map ,N is a homeomorphism on the (d&1)-face of L con-
taining x$. The degree of ,N is the number of such faces whose orientations
are preserved by ,N minus the number whose orientations are reversed
by ,N .
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We now show that the (d&1)-faces of L which intersect ,&1N ( y) can be
determined from the order type of N. To do so, we prove that the order
type of N determines the order type of N _ [ y].
Let v1 , ..., vd&1 be a set of d&1 vectors in N. The orientation of the
d-tuple (v1 , ..., vd&1 , y) is the sign of det(v1 , ..., vd&1 , y). If the vectors vi
are linearly dependent, then the orientation of the d-tuple (v1 , ..., vd&1 , y)
is zero. Suppose the vi are linearly independent.
det(v1 , ..., vd&1 , y)=& :
d&1
i=0
=idet(v1 , ..., vd&1 , ,N(wi)).
By our choice of a suitably small =, the sign of this sum is determined by
the sign of the first non-zero term, =idet(v1 , ..., vd&1, ,N(wi)), in this sum.
The vectors v1 , ..., vd&1 , ,N(wi) are all in N and so the order type of N
determines the sign of det(v1 , ..., vd&1 , ,N(wi)). Thus the orientations of the
d-tuples in N completely determine the orientations of all the d-tuples in
N _ [ y].
The order type of N _ [ y] determines the (d&1)-faces of L whose
images contain y and their orientations. Thus the order type of N _ [ y]
determines the number of such faces whose orientations are preserved by
,N and the number whose orientations are reversed by ,N . Since the order
type of N determines the order type of N _ [ y], it determines the degree
of ,N . K
We have therefore proved:
Theorem 1. The orientation of a (d+1)-tuple P of points in general
position in Rd is determined by the order type of the normal vectors to any
set of oriented hyperplanes separating each non-empty proper subset of P
from its complement.
3. Bounding the Number of Geometric Permutations
We can now establish the main result. Let A be a (k&1)-separated
family of n>k compact convex sets in Rd. For every subset A$ of size
k+1, choose a family HA$ of 2k+1&2 oriented separating hyperplanes for
A$, and let NA$ be the set of unit normals to the members of HA$ . Let HA
and NA be the sets of all the chosen hyperplanes and normal vectors,
respectively.
For each oriented k-transversal f, let f & A and f & HA represent the
sets obtained by intersecting f with the sets in A and with the hyperplanes
in HA , respectively. Notice that f meets each separating hyperplane h in an
affine subspace of dimension k&1. Moreover, if h separates a # A from
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b # A, then h & f separates f & a from f & b. The normal of h & f is the
orthogonal projection of the normal of h onto f. Let f (V) be the
orthogonal projection of any set V of vectors in Rd onto f. By Theorem 1,
two oriented k-transversals, f and f $, generate the same order type on A
if for every (k+1)-subset A$ the orientation of every k-tuple in f (NA $) and
of the corresponding k-tuple in f $(NA$) is the same.
Let T be the set of all k-tuples of NA$ over all (k+1)-subsets A$ of A.
For each k-tuple V # T with non-zero orientation, the set of k-flats f for
which f (V) has zero orientation is an algebraic surface which divides the
space of all oriented affine subspaces of dimension k into two connected
components, one containing k-flats f where f (V) has positive orientation
and one containing k-flats f where f (V) has negative orientation. The set
of all such algebraic surfaces divides the space of oriented affine subspaces
of dimension k into many components. Any two oriented k-transversals in
the same connected component induce the same order type on A. A bound
on the number of such connected components therefore bounds the
number of order types in which k-transversals can intersects A.
Instead of oriented k-transversals, we consider unoriented ones. The
space of all affine subspaces of dimension k lying in Rd is called the real
(affine) Grassmannian and denoted Gk, d . This Grassmannian is an
algebraic variety in Rd
2
of dimension k(d&k), defined by polynomials of
degree at most 2 (see [2] for more details). For each f # Gk, d , let Mf be
the d_d matrix which in the standard basis represents orthogonal projec-
tion onto f0 , the oriented k-dimensional subspace of Rd parallel to f. Notice
that Mf is symmetric and idempotent and has trace k. In fact, such
matrices are in one-to-one correspondence with the points of Gk, d .
For any k-tuple of vectors V, the projection, f0(V), of vectors V onto f0
is a translation of the projection, f (V), of vectors V onto f. If V is repre-
sented as the columns of a d_|V| matrix, then f0(V) is represented by the
columns of MfV. The orientation of f0(V) and hence of f (V) is zero if and
only if MfV has rank <k. The rank of MfV is less than k if and only if
the maximal minors of MfV are all zero, i.e., the determinants of all the
k_k submatrices of MfV are zero. Let gV be the sum of the squares of
these maximal minors. gV is a polynomial of degree 2k in the d 2 indeter-
minates u11 , ... udd , the coordinates of a generic point of Rd
2
. The algebraic
surfaces given by gV=0 for all k-tuples V # T divide the Grassmannian
into connected components. Two k-transversals in the same connected
component generate the same geometric permutation on A.
To bound the number of such connected components we will need the
following result from [1].
Theorem (Basu, Pollack, Roy [1]). A set of s polynomials in
R[X1 , ..., Xm], each of degree at most d, divides a variety of dimension m$
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defined by polynomials of degree at most d into at most O(d )m sm$ connected
components.
Two k-tuples of T which are permutations of one another generate the
same polynomial gV . Thus we need only consider k-subsets of vectors.
Family A has ( nk+1) subsets A$ of size k+1. Each set NA$ has (
2k+1&2
k )
subsets V of size k, each determining a polynomial gV , for a total of
s=\2
k+1&2
k +\
n
k+1+
polynomials. Each polynomial gV has degree 2k in u11 , ..., udd , while the
Grassmannian Gk, d has dimension k(d&k). Applying the previous
theorem, we have the following.
Theorem 2. A (k&1)-separated family of n compact convex sets in Rd
has at most
O(k)d2 \\2
k+1&2
k +\
n
k+1++
k(d&k)
geometric permutations induced by k-transversals.
4. Conclusion
In this paper we have generalized arguments given in [9] for bounding
the number of geometric permutations of line transversals in Rd. If we pay
attention only to the dependence on n, the O(nk(k+1)(d&k)) bound given
here matches the one in [9] when k=1. Better upper bounds are known
for the special cases of line transversals in the plane (3(n)) and of hyper-
plane transversals in Rd (O(nd&1)) [3, 4, 9]. We suspect that the number
of geometric permutations for k-transversals is at most O(nk(d&k)).
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